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1 Introduction

Let x = x(t) be a quantity as a function of ¢. Suppose that for any At:
Ar = z(t+At) —x(t) = k-z(t)- At
If this equation is (approximately) correct for

e very small At (At — 0), then we get a differential equation

x(t + At) — z(t)
At

e At~ 1, then we get a difference equation (with x; = z(t))
z(t+1)—2(t) = k-z(t) — w1 = k-2 = (k+1) 2

Difference equations are the discrete time counterparts of differential equations in contin-
uous time.

Definition 1.1 Let f be a function defined for all values of the variables. The general
nth-order difference equation is

Ti4n = f(t7xtaxt+17"'7xt+n—1) t:Oa1727"' (*)
If we require that g, x1,. .., 2, 1 have given values (initial condition), then
Ty = f(O, Lo, L1y - - 7In—1)
Tny1 — f(l, T1,T2, ... ,.’L’n) = f(l, T1,L2y ..., f(O,.To, Tiy... ,.Tnfl))

The solution of the difference equation (%) for all ¢ > n is uniquely determined (if it
exists).

Definition 1.2 The general solution of (%) is a function

Ty = g<t7 01702a S 7Cn)

that depends on n arbitrary constants Cy,Csy, ..., Cy, satisfies (x) and has the property
that every solution of (%) can be obtained by giving Cy,Cs, ..., C, appropriate values.

Example 1.1 The general solution of x,40 = 5Ty — 63 + 48 + 12+ 3 is

1 1 3
T = A2t+B3t+§4t+§t2+§t+4



2 Linear difference equations

Theorem 2.1 The general solution of the homogeneous linear difference equation
Tppn + a1 (1) Tpgn1 + -+ apo1(t) Tep1 +an(t) 2, = 0
with a,(t) # 0 is given by
x = C) u§1)+~~—|—Cn ut”)

where ugl), e ,uﬁ") are n linearly independent solutions of the equation and Cy,Cs, ..., C,

are abitrary constants.

If ugl), e ,u,ﬁ") are solutions of the homogeneous linear difference equation, then

uil), . ,uin) are lin. indep. <+— _ B _ # 0

Explanation:

If the determinant is zero, then the columns are linearly dependent and since u%l), e ,u,ﬁ")

are solutions of the homogeneous linear difference equation, this dependence will propa-
gate to ul”, ..., ul™ for all t.

Theorem 2.2 The general solution of the nonhomogeneous linear difference equation
Tpgn +a1(t) Tppna + -+ an1(t) T +an(t) 2y = by
with a,(t) # 0 is given by
rn = O u§1)+---+Cn u§">+u:

where C} uﬁl) +---+C, uﬁ") i1s the general solution of the corresponding homogeneous
equation and u; is a particular solution of the nonhomogeneous equation.



3 Linear difference equations with constant coeffi-
cients

3.1 General facts

The general linear difference equation of nth order with constant coefficients takes the
form

Tpyn + a1 Tppp1+ Qo1 T + a4 7 = by (1)
The corresponding homogeneous equation is
Tpgn + Q1 Tpqp1 + -+ A1 Ty + a2y = 0 (2)

We try to find a solution of the homogeneous equation of the form z, = m!. Inserting
this solution and cancelling the common factor m! yields the characteristic equation

m"+am" '+ +a,ym+a, = 0. (3)
This polynomial has exactly n (complex) solutions (counted with multiplicity).
Suppose that equation (3) has exactly n different real solutions my, ms,...,m,. Then
my,mb, ... m! all satisfy equation (2) and these functions are linearly independent. The

general solution is
r, = Cyml+--+C,m,

This is not the general solution of (2) if (3) has multiple and /or complex solutions.

General method of solving:

Find the solutions of (3) together with their multiplicity.

e A real solution m; with multiplicity 1 gives the one solution m!.

A real solution m; with multiplicity p > 1 gives the p solutions mj, tmf, ..., t*~'m}.

A pair of complex roots a £ i3, each with multiplicity 1, gives the two solutions
rtcosft and r'sinft, where r = (/a2 + 3% and 0 € [0, 7] satisfies cosf = a/r,
sinf = B/r.

A pair of complex roots o + i3, each with multiplicity ¢ > 1, gives the 2¢ solutions
w, v, tu, to, ..., 97, t97 o, with u = rf cos 0t and v = 7! sin 0t, where r = /a2 + 32
and 6 € [0, 7] satisfies cosf = a/r, sinf = 3/r.

In order to find the general solution of the nonhomogeneous equation (1), it remains to
find a particular solution u*.

a0+a1t+---+altl A0+A1t+'-'+Altl

Ceut Ceut

¢y sinvt + ¢ cos vt Cy sinwvt + C5 cos vt



3.2 Stability
Definition 3.1 The equation
Tign + 01 Tpyp1 + -+ po1 Ty +ap v = by
15 called globally asymptotically stable, if the general solution xy = Cy u§1)+~ -+, utn) of

the associated homogeneous equation tends to 0 ast — oo (for all values of the constants

Ch,.. C).

Then the effect of the initial conditions ”dies out” as t — oo.

Theorem 3.1 The equation is globally asymptotically stable if and only if all roots of the
characteristic polynomial of this equation have moduli strictly less than 1.

Example 3.1 Examine the stability of the difference equation x; o — %xt = sint.
Solution:

1
3

= 0; solutions: m = +,/1

e characteristic equation: m?* — 3

e general solution of the associated homogeneous difference equation:

= (D) e ()
e (V) ce () -0

e cquation is globally asymptotically stable



3.3 First-order
3.3.1 The general solution

We consider the linear first-order difference equation with constant coefficients x;,1+ax; =
b where a, b, xq are real numbers.

e General solution of the homogeneous equation x4 1 + az; = 0:

With 2! = m! we get the characteristic equation

m+a=0 = m=—-a — 2'=0Cm = C(-a)

e Particular solution of the nonhomogeneous equation x;1 + ax; = b:

With 27 = ¢ we get

b
=b — ¢ = if -1
¢+ ac c T a if a#

If a = —1 a particular solution of xyy; —x; = bis z7 = bt.

e The general solution of z;11 + ax; = b with a # —1 is

The general solution of x;,; —x; = b is

zy = C(—a)+bt = x9(—a) +bt



3.3.2 Economic application: Cobweb models

Let D; be the demand, S; the supply and p; the price of a good at time ¢t =0,1,2,... We
use a linear model (a,b,c,d > 0) and assume that

e D, = f(py) = —ap;+b: The demand is a function of the price in the same period.
e Sii1 = g(pr) = cpr —d: The supply is a function of the price in the preceding
period.

e price formation: S;11 = Dyy1 or g(pr) = f(pry1) or

c b+d
—apiy1+b = ecpp—d = pp = a pt+T

The solution of this first order linear difference equation is

B _b+d <_£>t+b+d
Pe = Po a—+c a a—+c

The number

is the long-term balance price (we have g(p*) = f(p*)).

A\

fp)=—ap+b g(p)=cp—d

f(pre1) = g(p1)




Essential properties of the solution depends only on the term —<.

N\

f(p)=—ap+b g(p)=cp—d
1
1
1
i
. s
Pr+1 . b+d t
LA

—d

Example 3.2 Investigate the solution p; if
1. |—| <1,

2. _£ =1 and




3.4 Second-order and homogeneous

We consider the linear second-order homogeneous difference equation z;, o +ax;1+bx; = 0
where a, b, 79, 1 are real numbers. With x; = m! we get the characteristic equation

m2+am—i—b:() — ml’gz—gi az—b

Theorem 3.2 The general solution of x4 o+ax,1+bxr, = 0 depends on the characteristic
equation as follows:

1. ]f%—b>0 then x, = Cym} + Coml .
2. ]f% —b=0 then x, = (Cy + Cot)m' with m = —%.

3. If ‘2—2 —b < 0 then z; = r*(C} cos St + Cysin Bt) with r = /b and cos f = _ﬁg and
pel0,m

Example 3.3 Difference equation: xy 9 — 5xipq + 62, =0
Characteristic equation: m?> —5m +6 =0 and m; = 2, my = 3

General solution: x, = C12 + 53¢

Example 3.4 Difference equation: xyyo — 6x41 + x4 =0
Characteristic equation: m?> —6m +1 =0 and m; = my = 3

General solution: x; = (Cy + Cat)3!

Example 3.5 Difference equation: xyyo — x4y + 2 =0
Characteristic equation: m*> —m +1=0 and r = Vb = 1,cosf=1/2s0 = z

General solution: x, = C] cos gt + Cy sin 3t
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4 Systems of difference equations

4.1 Introduction

Definition 4.1 A system of first order difference equations in the n unknown functions

T14, Tty - -, Tny can be expressed in the so-called normal form
Tigmr = filt, T, ..., Toy)
(*)
In,t—&-l - fn(t7 .Tl’t, e 7In,t>
If 10,220, ...,2Tn0 are specified, then x4 1,221, ..., 2,1 are found by substituting ¢ = 0
in the system, next x; 9,229, ..., 7,2 are found by substituting ¢ = 1 etc.

Theorem 4.1 The solution of the system is uniquely determined by the values of x1 o, 22y, - . .

Definition 4.2 The general solution of the system (x) is given by n functions

xl,t = gl<t,01, R ,Cn)

Tnt = Gu(t,Ch,...,Cy)

with the property that an arbitrary solution is obtained from (xx) by giving Cq,...,C,
appropriate values.

Example 4.1 Find the general solution of the system

Tiyr = %l’t + %yt (1)
Yey1 = %xt + gyt (1)
Solution:
o () w1 = 321+ 5y < Y = 31 — s and Yy = 30 — 3244
e in (II) y, .1 = %xt + %yt we get:
3o — %$t+1 = %xt + % (3$t+1 - %fﬂt) & Ty — %$t+1 + %iﬂt =0

a linear homogeneous difference equation of order 2 with
e general solution: z; = C7 4+ Cs (%)t

t
® Y = 3Ty — %xt = %Cl — Oy (%)
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4.2 Linear systems

Definition 4.3 If the functions fi,..., f. in (x) are linear, we obtain a linear system

Tipprr = ann(t)r1s + -+ an(t)zns + b1(t)

xn,t-{—l = Qap (t)xl,t + -+ Ann (t)wn,t + bn<t)
If we define

Tt an(t) . aln(t) b1

s i) - am(®) b
then the system is equivalent to
x11 = A(t) x;+ by (%)
Special cases:

e If A(t) = A is constant then the linear system (%) reduces to
X1 = Ax;+Dby

and we see:

X1 = AX0+b0
Xo = AX1+b1 = A(AXO+b0)+b1 = A2X0+Ab0+b1

X3 = A3 X0 +A2b0 +Ab1 +b2

t
x;, = Alxg +Z AtF b,

k=1
e If A(t) = A and b; = b are constant, we have:
x;, = Alxg+ (A" T+ A2 +...+A+DD

By a direct calculation we see
AP+ A2+ b A+D I-A) = T-A!

and if det(I — A) # 0 (A =1 is not an eigenvalue of A), then (I — A)~! exists and
we get

(AP A2 4 AT = I-AHI-A)
and
x, = A'xpg+I-AHI-A)'b

o If A(t) = A and b; = 0 are constant, we have:

x;, = Alxg
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4.3 Stability of linear systems

Definition 4.4 The linear system x;1 = A X;+by is said to be globally asymptotically stable
if the general solution of the corresponding homogeneous system X;11 = A x; tends to 0
if t — oo.

We see:
xr+1 = A x¢ + b, globally asymptotically stable
+—— x; = Al xy — 0 for all xq
+—— A" = 0, (matrix)
+— all eigenvalues of A have moduli less than 1

— (I— A)™! exists!

Theorem 4.2 If all eigenvalues of A have moduli strictly less than 1, the difference
equation X;11 = A x; + b is globally asymptotically stable and every solution

x, = A'xp+(I-AHI-A)'b

tends to (I— A)™' b if t — cc.

Example 4.2 Investigate the stability of the linear system X411 = A x; with A =

(1)

Solution:

DN | DD =
O DO | =

The eigenvalues of A are 1 and %, the system is not globally asymptotically stable.

Remark:
A+ B (L

20

We know the general solution already: x; = <



