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1 R", vectors and matrices

1.1 Vectors

e n-dimensional space R"

e clements x,y € R" are called n-vectors

Ty n
o) Y2

:(xl To ... xn)T and y = ]
Tn Yn

e scalar product and norm:

Xey = Ziy1+Tay2+ ...+ TpYn
x| = /o2 tadt... a2

xey = [[x]|-|[y[l-cos £(x,y)

® X1,Xso,...,Xx € R"”
— Ifay,as,...,ar € R, then z = a;x1+asxa+. . .+a,Xy is called a linear combination
of X1,Xsa, ..., Xk.
— X1,Xg,..., Xy are called linearly dependent, if there exist by, b, ..., b, € R such

that D1xq + bax2 + ... + bpxx = 0 and not all b; = 0.

— X1,X2,...,X, are called linearly independent, if a linear combination of the

Zero vector
blxl—f-bQXz—l—...—f-kak:O
is possible only with by = by = ... = b, = 0.

1.2 Matrices

aj, ap, ..

a; =

n
La, €R
a1 12 A1m ai; Qa2 ... Qim
a21 22 Q2m Q21 Q22 ... Q2m
;A = P y = — A = . .
an1 (07%%)) Apm Ap1 Ap2 ... Qpm

is called an n x m matrix.




e The inverse matrix A~' of the n x n matrix A = (aj;;) is defined by

1 () ()
0 1 0
A1 A:A.A—lzln: oL )
0 0 - 1

e For the n xn matrix A let A;; denote the submatrix of A generated by cancelling the
i-th row and the j-th column of A. Then the determinant det A is given (recursively)
by

det A = ‘A’ = aii det All — aig det A12 + -+ (—1)“+1a1n det Aln

Example 1

11 3 3

12 1 2

1 -2 1 =2

0 1 -2 -1
2 1 2 1 1 2 1 2 2 1 2 1
=1/-2 1 -2}|-1-{1 1 -2({43-|1 -2 =2|-3-|1 =2 1
1 -2 -1 0 -2 —1 0o 1 —1 0 1 -2

1.3 Matrix calculus

la. A+B=B+A 1b. AB #BA
2. (A+B)+C=A+(B+C) 2b. (AB)C = A(BC)
Ja. A+0=A 3b. AI=TA = A, ( A square )
4. AB=0 A A=0or B=0

5. AB=AC # B=C

6. MA+B) = M +AB AeR

7. AB+C) = AB+AC

8. (A+B)C = AC+BC

9. (AH1 = A

10. (AB)"* = B1A™!

11. (AT)T - A

12. (A+B)T = AT+BT

13. (AB)T = BTAT

4. (AHT = (AT)1

ForA:(a b)withad—bc#OisA_l—;< d _b).

~ ad — bc

—C a



1.4 Eigenvalues and eigenvectors

Definition 1.1 If A is an n X n matriz, then a real number X is an eigenvalue of A if
there is a monzero vector x € R™ such that

Ax = Mx

Then x is an eigenvector of A (associated with \).

Remark: If x is an eigenvector associated with the eigenvalue A, then so is ax for every
real number « # 0.

A(ax) = aAx = a(Ax) = A(ax)

How to find eigenvalues? The equation can be written as

Ax = A\x
& Ax—)2AIx = 0
& (A-AD)x = 0

This is a homogeneous linear system of equations. It has a solution x # 0 if and only if

the coefficient matrix (A — A I) is singular which means that it has determinant equal to
0.

(A — A1) singular < det(A—AXI)=0
&)
paA

pa(A) = 0 is called characteristic equation of A. The function p4(A) is a polynomial of
degree n in A, called the characteristic polynomial of A.

1.5 Diagonalization

Let A and P be n x n matrices with P invertible. Then A and P~'AP have the same
eigenvalues (because they have the same characteristic polynomial).

Definition 1.2 An n x n matriz A is diagonalizable if there is an invertible matriz P
and a diagonal matriz D such that

P 'AP = D.
Two natural questions:

1. Which square matrices are diagonalizable?

2. If A is diagonalizable, how do we find the matrix P?



Theorem 1.1 Ann xn matriz A is diagonalizable if and only if it has a set of n linearly
independent eigenvectors Xy, ...,Xy. In this case,

P AP = diag(\i,...,\),

where P is the matrixz with X1, ..., Xy as its columns, and Ay, . .., \, are the corresponding
eigenvalues.

Many of the matrices encountered in economics are symmetric and for these matrices we
have the following important result.

Theorem 1.2 (Spectral Theorem for symmetric matrices) If the n x n matriz A
is symmetric (A = AT), then:

1. Alln eigenvalues My, ..., \, are real.
2. FEigenvectors that correspond to different eigenvalues are orthogonal.

3. There exists an orthogonal matriz P ( P~ = PT ) such that
P AP = diag(\1,..., \n).

The columns X1, . .., Xy of the matrix P are eigenvectors of unit length corresponding
to the eigenvalues Ay, ..., \,.

2 Subsets of R"

2.1 e-balls and line segments

Definition 2.1 Let x € R" and € > 0 a real number. The (open) e-ball with center x is
the set

B(x) = {yeR" | [x—yl<e}

Definition 2.2 Let x,y € R". The (closed) line segment Xy is the set

Xy={t-x+(1-t)-y [ te[01]}
This is a part of a (straight) line:

Y1 T1 — U

Yo T2 — Y2
tx+(1—-t)y = y+t-(x—y) = | . |+t :

Yn Tn — Yn



2.2 Convex subsets

Definition 2.3 A subset M C R"™ s called convez, if for all x,y € M we have Xy C M

Theorem 2.1 Let A be an m X n matriz and b € R™

a1 a2 ... Qpn bl

921 929 P Aop, b2
A = ] ] ] ] und b =

A1 Gma - Gmn b,

Then the set
M = {xeR"|Ax<bandx >0}

1S convez.

2.3 Bounded subsets, boundary and closed subsets

Let M C R™

Definition 2.4 M is called bounded, if there exists a real positive number € such that
M C B.(0).

A point x is called boundary point of M, if each e-ball with center x contains both points
of M and points of the complement M¢=R" — M.

A point in M which is not a boundary point of M is called an inner point of M.
The boundary OM of M is

OM = {xeR" | foralle>0is B{(x)NM # 0 and B(x) N M+ }

M s called closed if OM C M.



3 Functions

3.1 Definition

Definition 3.1 Let D C R™. A function from D to R is an assignment of exatly one
element of R to each element of D. We write:

f+D — R
X = (x17$27---axn)T — f($17$2a"'7$n) - f(X) =Y

D is called domain and W = {y € R | f(x) =y for an x € D} the range of f.

The assignment of f(x) to x = (z1,T,...,7,)T can be given by

1. an explicit calculation f(z1,22) = 3z123 + x; with D = R?,

2. an implicit equation, for example let f(x,z3) be the solution x3 of the equation
T3 — 1123 — 19 = 0 with z; € R and 25 > 0,

3. by a differential equation.

3.2 Graph and level sets

Definition 3.2 Let D C R" and f: D — R be a function. The set

Gy ={(xfx)"|xeD} c R

is called graph of f.
Example 2 f:R? - R, f(x) = f(x1,22) = 2% — 3.
Gy = { (21, 29,23 — 23)T | (x1,22)" € R?} C R?

Definition 3.3 Let D C R", f: D — R a function and c € R. The set

N. ={xeD|f(x)=c} Cc D C R"

15 called level set.

Example 3 f(x) = f(z1,72) = 27 — 23

Ne = {af —aj=c| (z1,22)" €R?}



are hyperbolas.




3.3 Continous functions

Definition 3.4 A function f : D — R is called continuous in a € D, if for each sequence

(xx) in D with lim x; = a we have lim f(x;) = f(a).
—00 k—o0

Theorem 3.1 (Theorem of Weierstraf}) Let D C R"™ be a closed and bounded set and
f: D — R continuous. Then there exist Xin, Xmae € D such that

f(Xmm) S f(X) S f(xma:v)
forallx € D.

3.4 Important functions

Definition 3.5 A linear function is given by

f*R" — R
X:(I'l,l'g,...,l'n)T — a1+ asxe + ...+ ar, = aex = f(x)
for real numbers ay, as, ... a, ora = (ay,as,...,a,)7".

Definition 3.6 Let A be a symmetric n x n matriz. The function
QA R*" — R
n n
X = (r1,79,...,0,)7 — xeAx = xTAx = Z Z aij T; T;
i=1 j=1

15 called quadratic form corresponding to A.

Example 4




10

Example 5

Example 6
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Example 7

QD(X) = (m,m) < ; ? ) (xl ) = x%+4x1x2+x§.

Definition 3.7 Let A be a symmetric n x n matriz. Then A is called

positive definite, if Qa(x) > 0;

positive semidefinite, if Qa(x) > 0;

negative definite, if Q(x) < 0;

e negative semidefinite, if Qa(x) < 0;

for all x # 0.

A is called indefinite, if there exist vectors x with Qa(x) > 0 as well as vectors 'y with
QA(y) < 0.

Definition 3.8 Let D C R" be a convex set. A function f: D — R is called

e (strongly) concave on D, if

fll=ta+tb) (>) = (1-t)f(a)+tf(b)
for alla,b € D and all t € (0,1);

e (strongly) convex on D, if

f((I=ta+tb) (<) < (1—1)f(a)+tf(b)
for alla,b € D and all t € (0,1).
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4 Differentiable functions

4.1 Partial derivations

Definition 4.1 Let y = f(x) = f(z1,...,2;,...,2,) be a function. Fori = 1,2,....n
the i-th partial derivation of f is defined by

O %)= fulx) = lm

0@» t—0 t

Example 8

f(z1,29) = 2+ 329 + 275 + 3

of  _ lim (1 +1)* + (21 + t)xg + 223 + 3 — (27 + 2129 + 223 + 3)
oxy =0 t
2wit + 12+t
— i T e 4t ) = 201 +
t—0 t t—0

Definition 4.2 The function f is called 2-times (k)-times partially differentiable, if all
partial derivations of second order

o (0

exist.

The following fact is sometimes important:

Theorem 4.1 If all partial derivations of second order exist and are continuous functions,
then fwixj = fmjxl

Definition 4.3 Let a = (aj,as,...,a,) € D C R™ be a point in the domain of f. The
vector

fri(2)
arad f(a) — fm;<a)
fr.(a)

15 called gradient of f in a. The matriz

frios(®@) Lon(@) o frue(a)
i = | o ® el S

Frn@) frs@) o foen(a)

1s called Hesse matriz of f in a.
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Theorem 4.2 (Properties of the gradient)

e The gradient of f in a is orthogonal to the level set f(x) = f(a).

e The gradient of f in a points in the direction of the greatest rate of increase of the
function f in a.

Example 9 For f(xy,z3) = 2% — 1179 + 22 we have

2r1 — x
grad f(z1,22) = < —x11+ 2&262 ) '
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4.2 Differential and differentiable functions

Definition 4.4 The (total) differential df of f is defined by

df = df(X,dX) = fxl(X)d$1+—|—fxn(X)d$n

Example 10 Let f(xq, 22, 23) = sin(z1x9) + 3. Then

df([L’l, T2,T3, dl’l, deQ, dl’g) = T2 COS(ZElIg) del + 1 COS(xle) d(lfg + 21’3 de’g

df (z1, x9, k3, dxy, dxe, drs) = 9c08(2122) dry + 21 cos(z122) dxg + 223 drs

Definition 4.5 Let D C R" be an open set. A function f: D — R is called differentiable
maeD, if

f(x) = f(a) +grad f(a)e (x —a) + R(x,a) and lim ﬁ((’iv z‘)‘ —
) ) Y

e The function t(x) = f(a)+grad f(a)e(x—a) is called tangent hyperplane of f in a:

t(x) = f(a)+grad f(a)e(x—a) = f(a)+df(a,dx)

e A differentiable function can be approximated (very well) by a linear function and
the claim « is essential.

e If we use the notation Af(a,dx) = f(a+ dx) — f(a) for the real change of f and
X = a + dx we get

Af(a,dx) = df(a,dx)+ R(x,a)

FX+0X) [ 4
R(x,dx)
Af(x,dx)
SHHd)0) | txrdx) e b df(x,dx)
} = t(x+dx)—t(x;
1)) = fX) [ =Flxox

t

f X X+dx
Ax = dx change of x.

Af =Af(x,dr) change of f, if we change x by dz.
df =df(x,dr) change of the linear approximation,
if we change x by dx.
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Example 11 z = f(xy,25) = ﬂ, a=(1,1)
T2
1 T
fm = fwl(lal) = 1 fxz = — 3 fx2(171) = —1
To L3

Flanas) =2 = f(1,1)+ ( f“(}’B ) . < n =1 ) + R(x1,22,1,1)

To —1
= 1+ (z1—1) = (22— 1) + R(z1,22,1,1)
= 1+1’1—$2+R($1,x2,1,1)

Graph of f and of the tangent plane (red)

We should show:

T
R(xa) g, o mtEm
lim = lim =0
x—a ||X — a|| x—a \/(-’rl _ 1)2 + (x2 _ 1)2

The tangent plane is

t(l‘l,l’g) = f(a> + le (a) : (1’1 - al) + fwz(a) ’ (%2 - CL?)
= 1+1~($1—1)+(—1)-($2—1>
1 + 21— 2o
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4.3 The directional derivation

Definition 4.6 Let v € R" be a vector of length 1 (unit vector). The limit (if it exists)

o ) — g ) @

t—0 t

1s called the directional derivation of f in a in direction v.

Theorem 4.3 Let D be open, [ differentiable on D and v € R™ with ||v|| = 1. Then

Ov fla) = grad f(a)ev =} fu(a)u,

Proof: Let f be totally differentiable in a, then

f(x) = f(a) +grad f(a)e (x —a) + R(x,a) und lim R(x,a)

xsa [[x —al|

With x = a + tv we get:
fx)—f(a) = fla+tv)—f(a) = grad f(a)etv+ R(x,a).

Hence:

i) tim LB (@)

t—0 t

_ lim grad f(a) etv + R(x,a)
t—0 t

R(x,a)
t

= grad f(a) ov—l—%l_r)%

= grad f(a)ev.
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4.4 The chain rule

Theorem 4.4 Let D C R" be open and f : D — R continously partially differentiable.
I CR and

.Tl(t)
be i < | 20
x: I —-DCR" with x(t) = .
2 (t)

with differentiable coordinat functions x;(t) fir 1 < i < n. Then the composition f ox :
I - R mit fox(t) = f(x(t)) is differentiable with

L flt) = grad f(x(t) o 5 (1)

Expansion:

d
= = f(@1(t), zo(t), ..., 2n(t))

= (K(0) S (0)  Fua () )+ (<L) ()

= Jor (x() 21(8) + fa, (x(1)) Z2(1) + - -+ fa, (x()) E0(2)
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4.5 Implicite Derivation

Notation: (x,y) = (21,...,7,,y) € R*™!

Theorem 4.5 Let M C R be open, ¢ : M — R continuously partially differentiable
and a= (ay,...,an, ant1) € M with ¢p(a) =0 and ¢ (a) # 0. Then there is a neighbour-
hood U of (a1, ...,a,) and an open interval I C R with a,1 € I such that:

1. Re={(x,y) CR"™ |xCUandyel} C M and ¢,(x) # 0 for all (x,y) € R.

2. For each x € U there exists exactly one y € I with ¢(x,y) = 0. The function
y = f(x) is partially differentiable ( f : U — I ) and

0
oxy) = o f(x) =0 — o= fx) = =5
T
0_ ¢(X7 y)
% 0, %) =0 " Q1,%) =0
Y & =f(a)
X1 a X1
u
Let y := f(x) for all x € U the function above. Then
o(xy) = o f(x)) =0
By the chain rule we get:
y
. 0 o 0 ,_L —
0 = oz, 0 = oz, (&1, xn, f(T1,. ., T0))
o~ 0 Or; 0 dy
- “ 8_% ¢(X7 y) ’ 6% + 8_y ¢(X7y) ) axz
0 Ox; 0 dy
Oy o(x.y) Oz * oy oY) x;
0 0 0

Solving this equation for 52~ f(x) proves the Theorem.
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4.6 The Taylor Formula

Let D C R"™ be convex and open, a,x € D and f : D — R a 3-times continuously partially
differentiable function.

Definition 4.7 The 2-nd Taylor polynom of f in a is defined by:

to(x) = f(a)+ grad f(a)o(x—a)—ir% (x —a)” Hs(a) (x—a)

Theorem 4.6

L)~ (x)
[kl

Example 12 f(x1,z5) = €*172 4+ sin(x125), a = (0,0)

1 1 2
—_— T—
to(x) = 1+(1,1)x+x 5 (2 1>x

1 1
= 1+x1+x2+§x§+2x1x2+§x§

Graph of f and ty (red)
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4.7 Concave and convex functions

Theorem 4.7 Let D C R"™ be a convex set and f : D — R a 2-times continuously
partially differentiable function. Furthermore, let H; be the Hesse matrixz of f. Then we
have

Hg(x) for all x € D negative semidefinite <= f concave
H¢(x) for all x € D negative definite = [ is striktly concave
Hy(x) for all x € D positive semidefinite <= f is convex

H¢(x) for all x € D positive definite = [ is striktly convex

Example 13 The function f(z1,xs) = 221 — 29 — x% 4+ 22129 — x% is defined on D = R?

and
Hy(x) = (_22 _22)

is (always) negative semidefinite. Hence f is concave.



